With increased share of Static Frequency Converters (SFCs) in 16 2 3 Hz railway grids concerns about stability have increased. Stability studies for such low-frequency railway grids are few, and models that describe SFC dynamics are especially few.
Introduction
Low-frequency railway grids exist in Austria, Germany, Norway, Sweden, Switzerland and in some parts of the North Eastern U.S. [1] . Because the frequency in the railway grid differs from the one in the public power grid, conversion of frequency is needed. This conversion can either be done by using a Rotary Frequency Converter (RFC) or a Static Frequency Converter (SFC) [2, 3, 4, 5] . The RFC is essentially a three-phase motor and a single phase generator mounted on the same mechanical shaft. The motor is either an asynchronous motor or a synchronous motor, depending on if the railway grid is synchronous to the public grid or asynchronous to the public grid. Therefore, two different types of low-frequency grids can be distinguished.
If the motor of the RFC is of synchronous type, the railway grid is synchronously coupled with the public grid. This type of RFC are called synchronous-synchronous RFC. The pole ratio between the synchronous motor and synchronous generator is 3 (Norway, Sweden) or 2.4 (U.S.). Therefore, the induced frequency in the single-phase generator stator will be 16 2 3 Hz in Norway and Sweden, and 25 Hz in the U.S.
Using a three-phase induction motor on an RFC results that the railway grid is asynchronous to the public grid. This type of RFC are called asynchronous-synchronous RFC. The pole ratio between the induction motor and single-phase generator is three. The induction motor is a doubly-fed one and the slip is controlled, which results that the frequency of railway grid is controlled.
As the railway grid of Norway and Sweden are synchronously to the public grid, the frequency on the railway grid is determined by the frequency in the public grid (the ratio being exactly three). There-fore, the active power supplied from the three-phase grid to the railway grid through a synchronoussynchronous RFC is dependent on the phase angle difference between the three-phase public grid and the railway grid at the point of connections [6, 7] . Only the voltage magnitudes on the three-phase grid and the railway grid sides are controlled, alternatively the reactive power generated on each side.
Since the introduction of power electronics in the 1950s [8] , a large part of the added frequency conversion units in the Swedish railway grid is made up by SFCs. RFCs are still in use to a large extent, and some converter stations have both SFCs and RFCs in parallel operation.
The most common SFC type in the Swedish low-frequency railway is a three-phase rectifier and a single-phase inverter with a common DC link capacitance between. In the Swedish synchronous railway, the SFC inverter is controlled to mimic the steady state behaviour of an RFC. The SFC rectifier is controlled to keep constant DC voltage and control the AC voltage of three-phase feeding grid, alternatively control reactive power.
For the few electromechanical-stability studies done on synchronous railway grids, very few models exist that describe the dynamical behaviour of an SFC. One SFC model is presented in [9] for an electromechanical transient stability study of part of the U.S. synchronous railway grid. Based on the electromechanical time constant of an RFC, an SFC with both phase angle and voltage control is presented. However, no data is given about the parameters used. Furthermore, the control is based on a cylindrical type of synchronous generator, which is not very commonly used in synchronous low-frequency railways.
With an increased share of SFCs in the Swedish railway grid, concerns about stability have increased. The main concerns are about the decreased ratio between installed power and inertia. However, there are very few SFC models for synchronous railway grids and most of them belong to commercial softwares. Therefore there is a need for an open SFC model that can be used for electromechanical stability studies for synchronous railway grids.
The modelling approach used in this paper has been to adapt three-phase VSC-HVDC models, of which there is a large amount of in the literature. As the SFC model developed is intended for electromechanical stability studies in the phasor domain, VSC-HVDC models capturing such dynamics have been adapted from references such as [10, 11, 12] . VSC-HVDC models for electromechanical stability studies in phasor domain have several benefits, for example Phase Lock Loop (PLL) can be omitted or simplified [13, 14, 15] . Furthermore, the computational burden of such models is smaller compared to the time-domain models that are needed for Electro Magnetic Transient (EMT) simulations.
The aim of this paper is to present a simplified SFC model with current limitation control for electromechanical transient stability studies in the phasor domain. The SFC model is validated against both RMS voltage and current from measurements of an inverter of an SFC operating in the Swedish railway grid. The proposed SFC model provides an adequate description of the railway side dynamics of the SFC as it is able to reproduce the measured data.
The remainder of this paper is organised as follows: In Section 2 the SFC model for electromechanical stability studies is presented. Section 3 describes how the SFC is implemented for simulation in a grid. The data used is also presented in the same section. The validation of the model is done in Section 4 and Section 5 concludes the paper.
SFC modelling
The control objective of the SFC at the railway side is to regulate its voltage magnitude and phase such that the steady-state behaviour of an RFC is obtained at the Point of Connection at the railway grid side, denoted PoC 16 , see Figure 1 . The SFC is connected to the railway grid through a transformer reactance X T , an inductive filter X f and a band-stop filter as seen in Figure 1 .
Simplifications and modelling approximations
For simplicity, it is assumed that the DC capacitance in Figure 1 is large enough to always keep constant DC voltage, and rectifier controls can then be neglected.
The SFC is on the three-phase side connected to an infinite bus, where both the 50 Hz voltage level and phase angle is constant. This is justified as most RFCs and SFCs are often connected to strong parts of the three-phase public grid. It simplifies the modelling and simulation of the three-phase grid side.
The voltage phase angles of the three-phase grid and single-phase grid are measured continuously via a PLL for respective grid side. However, as the simulations are done in phasor domain, the phase angles can be obtained directly from the simulations. The PLL is therefore assumed ideal in the modelling, in other words no time-delay is introduced by the PLL.
The band-stop filter is neglected in the SFC inverter model for the illustrative studies shown later, resulting in a simplified connection to the railway grid as seen in Figure 2 .
Note that all equations in this paper are expressed in the p.u. system.
Steady-state model
In synchronous railway grids, the SFC inverter is controlled to mimic the steady-state phase angle and voltage behaviour of an RFC at the PoC 16 . The result is that it allows parallel operation in steady-state between RFC and SFC in a converter station [6, 16] . Figure 2 : Electromechanical SFC inverter model.
Voltage phase angle
A voltage phase shift is introduced when active power flows through an RFC. The voltage phase shift for an RFC is the sum of load angle from the three-phase synchronous motor and single-phase synchronous generator [6, 16] , and is
where X q is the quadrature reactance, |U | is the voltage magnitude, P and Q are the active power and reactive power , respectively. The superscripts "m" and "g" stand for motor and generator respectively and the and the subscripts "G" and "D" stand for generation and demand (i.e.load/consumption), respectively. For simplicity the step-down transformer is included in the quadrature reactance of the motor, whereas the step-up transformer is included in the quadrature reactance of the generator.
It is assumed that the RFC is lossless, which results in the steady-state demanded power of the motor, P m D , to be equal to the generated power, P g G , of the generator. When the RFC motor consumes active power, then the RFC generator produces active power. The resulting terminal phase angle θ g of an RFC generator at the railway side relative to the voltage phase angle θ 50 of the public grid where the RFC motor is connected to is
Note that the terminal phase angle of an RFC generator is expressed in 16 2 3 Hz angles, therefore the division with three of θ 50 .
Voltage magnitude
The voltage magnitude after the step-up transformer of an RFC generator is controlled such way that with increased reactive power injection, the voltage magnitude will fall after the step-up transformer. To allow for parallel operation, the same requirement is set on the steady-state voltage control for the SFC. The voltage after the step-up transformer, for both the RFC and the SFC, is given by the following expression:
where |U 0 | is the no-load voltage and K U is the droop coefficient scaled according to the rating of the SFC or RFC.
SFC dynamic model
As the model is for electromechanical stability studies, a first-order transfer function can be used to model the internal circuit dynamic of a converter [10, 12] . The SFC inverter internal dynamics are therefore approximated with a first-order transfer function with the time constant T c . The focus is then on the control of the SFC inverter voltage magnitude and phase angle.
Phase angle control
To control the voltage phase angle θ g so that it follows Equation (2) at the PoC 16 , the SFC inverter will regulate its voltage phase angle δ. An SFC inverter allows generating any required voltage from a DC voltage independent of the strength of the supplying three-phase grid. As it assumed that the SFC rectifier is connected to an infinite bus, the denominator in Equation (1) for the motor is set to unity.
Measuring voltage |U G |, active power P G and reactive power Q G at the PoC 16 , the voltage phase angle reference θ g ref is calculated as
It should be observed that in Equation (4) the RFC transformer reactances are included in the quadrature reactances of the motor and generator, respectively. The phase angle control is implemented with a PI regulator, its inputs are the measured phase angle θ G at the PoC 16 and the calculated θ g ref from Equation (4) . The output of the PI regulator is the SFC voltage phase angle reference δ ref and is 
Voltage control
Measuring the reactive power at the PoC 16 
If current limitation is active, see Section 2.3.3, an additional signal ∆|E CL | from the current limitation control is added to |E ref |. The resulting signal |E ref | + ∆|E CL | is transferred to the SFC inverter that gives the final inverter voltage output |E|, see Figure 4 . The inverter output voltage is limited to |E| max : the maximum voltage the SFC inverter can generate when its modulation index is equal to unity. In this model the maximum inverter voltage |E| max is set to 1.15 p.u.
Current limitation control
As power electronics cannot handle large currents above their rated current, converters are equipped with control systems that limits the current to a given value that will not damage the converter. The modelling of current limitation control for the SFC inverter has been inspired by the current limitation used in VSC-HVDC control in [17] . The SFC inverter current through the transformer and filter is
and the magnitude of the current is Figure 5 : Current limitation controller.
The left hand side of Equation (8) is a real value, and therefore the imaginary part of the right hand side of Equation (8) has to be zero. Thus, the real part of Equation (8) is
Assuming small changes in the voltage magnitude and phase angle at the PoC 16 , the railway grid can be seen as a constant voltage [17] . Differentiation with respect to |E| and δ results in:
The change of current magnitude as a function of changes in voltage magnitude and phase of the SFC can be expressed as
A PI regulator is used to reduce the measured inverter current magnitude |I| when it exceeds |I| max . The current limitation control is only active when |I| > |I| max . Note that the values of the reactances are included in proportionality constant of the PI regulator.
The signals from the PI regulator are weighted with sin(δ SF C − γ) and |E| cos(δ − γ), respectively. The signals are the filtered through a first-order filter with the time constant T I as seen in Figure 5 . The outputs of the current limitation controller are ∆|E CL | and ∆δ CL . The changes in voltage magnitude according to Equation (12) are added to the ouputs of the value of voltage magnitude and phase angle controller, respectively, see Figures 3 and 4 . The integrator of the PI regulator of the current limitation is reset to zero when |I| < |I| max .
As shown by Equation (12), the angle between voltage and current will decide the amount of active and reactive power supplied by the SFC inverter during current limitation.
Implementation
Dynamics of the railway grid and the public grid is not considered as the SFC model presented is intended for electromechanical stability studies, and a quasi-steady-state description of the system is used. The model has been implemented in MatLab Simulink where the variable step solver ode45 has been used. The steady-state values are found through a load-flow study using a part of the software TPSS developed in [6] .
For the simulations presented in Section 4, the SFC inverter model is connected to the grid as an equivalent Norton current source. The loads are modelled as constant shunt admittances for the dynamic simulation. The value of the load admittance is based on results obtained from load-flow solution.
The PI regulators of the SFC inverter have been manually tuned to fit the RMS phasor characteristics of voltage and current from the measured data. The data of the system is given in Tables 1 to 4.
Validation

Measuring system
The Swedish Transport Administration (TrV) have installed measuring instruments at the railwayside of several frequency converter units. The measurements units are power-quality monitors adapted to 16 2 3 Hz and compliance with Class A under IEC 61000-4-30 [18] . Both monitors and the analysis software are delivered by Metrum Sweden AB. Voltage and current at the PoC 16 from the SFC inverter are measured in time-domain. The measured data is transferred to a database, from which the user via dedicated software can, for example, select measured voltages and current waveforms for events during which certain pre-set thresholds are exceeded.
The measured data for the selected event is from a single SFC inverter operating in a converter station; the other converters in that station were disconnected from the railway grid during the measured disturbances. The converter station is feeding an single catenary section. The measured data is transformed to RMS form by the analysis software provided Metrum Sweden AB.
Cases
The SFC inverter is simulated in single-feeding mode, see Figure 6 , as the measured SFC is feeding one catenary section. The catenary system used in the simulations is an Auto Transformer (AT) catenary system, as the measured SFC is connected to an AT system. The equivalent impedance of an AT catenary system is Z AT = 0.0335 + j0.031 Ω km , with an initial impedance of Z init = 0.189 + j0.293 at the PoC 16 [6, 19] . The SFC inverter is simulated for four cases where a fault, Z f ault , from the overhead contact line to ground is applied. The values of the pre-fault load and Z f ault have been selected for the different cases to match the measured pre-fault and during-fault RMS voltages and currents. The faults of the four cases are cleared at different time instance, based on the measured data. The threshold used to determine when current limitation is active is when the measured current is above |I| max = 2.0 p.u.
The cases that are used for validation for reproducing the measured data are:
• 
Current limitation not active
When the system is subjected to a fault, the proposed model reproduces the measured data adequately both in voltage and current as seen for Case 1 (Figures 7 and 8 ) and Case 2 (Figures 9 and 10 ). The undershoot in currents in post-fault from the measured data may origin from the train, which is not captured by the load model used. 
Current limitation active
The measured voltages in Figures 11 and 13 (Case 3 and Case 4, respectively) has large overshoots. It may indicate that the voltage control of the measured SFC inverter has no anti-windup scheme applied, and therefore the SFC model has been implemented with no anti-windup on the voltage control.
The SFC model simulated reproduces the measured RMS voltages with an acceptable accuracy in Case 3 and Case 4. There are difference in voltage levels in Case 4 between measured and simulated voltage during current limitation (2.10 seconds to 2.27 seconds). The simulated voltage is higher than the measurement which results that the windup in the control of the voltage is less in the simulated case compared to the measured voltage after fault clearance. The behaviour of the voltage during fault in the simulated case is reasonable given that the fault impedance and the load impedance is constant. A plausible explanation why the voltage continues to drop in the measurement is that the fault has a variable impedance. The SFC inverter model reproduces with an acceptable accuracy the measured current in Case 4 during the fault as seen in Figure 14 . The measured current in Case 3 seems to have sub-cycles changes which cannot be reproduced with the proposed SFC model as the simulation is done in RMS phasor, where only the fundamental frequency is considered. Despite the aforementioned discrepancies, the proposed SFC model reproduces some of the most important characteristics of the measured current during fault.
Note that in Case 4 after 3 seconds in Figure 14 the measured current of the SFC inverter is reduced to zero. A plausible explanation is that an SFC inverter protection system or another railway protection system is activated which disconnects the SFC inverter. 
Conclusion
This paper has presented an open SFC model that is adequate for electromechanical simulations and stability studies for synchronous low-frequency railway grids of 16 2 3 Hz. Simulations in the phasor domain have validated the model against measured RMS magnitude of voltage and current of an SFC inverter operating in the Swedish railway grid. Comparing the measured data with the simulated results, it can be concluded that the model adequately reproduces the measured RMS voltages and currents. Windup in the voltage of the measured SFC inverter are properly reproduced with the proposed SFC model. Thus, it can be concluded that the SFC model proposed provides an adequate description of the main characteristics of an SFC inverter behaviour, both when current limitation is inactive and when it is active.
Several simplifications were made in the SFC model and its implementation. For most of these simplifications, the SFC model can easily be extended with more functions and details for improved accuracy.
The model itself is not limited to synchronous low-frequency railways grid. With changes in control objective of the SFC, it can be used for electromechanical stability studies in the phasor domain for three phase systems.
The simplicity of the SFC model presented allows for easy implementation in power system softwares or numerical softwares such as MatLab, for electromechanical stability studies of synchronous railway grids or three-phase grids.
